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Chapter 1
SPIN DYNAMICS IN SEMICONDUCTORS IN THE
STREAMING REGIME
L. E. Golub∗ and E. L. Ivchenko
Ioffe Physical-Technical Institute of the Russian Academy of Sciences, 194021 St. Petersburg, Russia
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Abstract
We present results of a cross-disciplinary theoretical research at the interface of
spin physics and hot-electron transport. A moderately strong electric field is assumed
to provide the streaming regime where each free charge carrier, an electron or a hole,
accelerates quasiballistically in the “passive” region until reaching the optical-phonon
energy, then emits an optical phonon and starts the next period of acceleration. The
inclusion of spin degree of freedom into the streaming-regime kinetics gives rise to
rich and interesting spin-related phenomena. Firstly, in the streaming regime the spin
relaxation is substantially modified, and the current-induced spin orientation is re-
markably increased. Under short-pulsed photoexcitation at the bottom of conduction
band the photoelectrons execute a periodic damped motion in the energy space with
the period equal to the free flight time of an electron in the passive region. If the
short optical pulse is circularly polarized so that the photocarriers are spin oriented,
∗E-mail address: golub@coherent.ioffe.ru
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then the spin energy distribution is oscillating in time as well, which can be detected
in the pump-probe time-resolved experiments. We show that the spin-orbit splitting
of the conduction band becomes a source for additional spin oscillations, periodic or
aperiodic depending on the value of electric field.
1. Introduction
Spin physics is a rapidly growing area of research in condensed matter science aimed at the
creation, manipulation and detection of spins in various systems. Important and interesting
fundamental results, also promising for possible future applications, have been obtained in
semiconductors and semiconductor nanostructures [1]. Highly sensitive methods of Kerr
and Faraday rotation spectroscopy give a possibility to probe spin orientation within subpi-
cosecond resolution [2]. A challenging problem in the spin physics is how to affect the spin
by instantaneous non-magnetic methods, in particular, by static or optical electric fields. In
semiconductors, optical selection rules allow one to create spin-oriented carriers (optical
orientation) which may then be accelerated by a static external electric field. Another pos-
sibility to monitor the spin by electrical means arises due to the spin-orbit interaction which
couples the electron orbital and spin degrees of freedom. In semiconductor heterostruc-
tures, the spin-orbit interaction is described by the Rashba and Dresselhaus contributions to
the electron effective Hamiltonian linear in the electron quasimomentum p, for review see
Ref. [3]. Generally, they can be presented as follows
Hso(p) = βi jσip j =
~
2
σ ·Ωp , (1)
where σi (i= x,y) are the Pauli matrices, β is a second-rank pseudotensor, and the effective
momentum-dependent Larmor frequency is defined by Ωp,i = 2βi jp j/~. Hereafter, for
definiteness, we consider zinc-blende-lattice based quantum wells grown along the direction
[001] and use the coordinate frame x ‖ [11¯0],y ‖ [110] and z ‖ [001].
We study here the electron spin dynamics in semiconductor heterostructures in the pres-
ence of an external in-plane electric field. The attention is focused on the so-called stream-
ing regime [4–9] characterized by the periodic optical-phonon emission by electrons sub-
jected to acceleration in the strong electric field. A number of interesting time-resolved
spin effects are shown to be caused by the electric field. We also discuss a possibility to
detect them in the pump-probe experiments, both in the absence and presence of an external
magnetic field.
2. Streaming in 2D semiconductors
In an external electric field F , the carrier distribution is anisotropic in the momentum
space. In particular, it is characterized by a nonzero electron drift momentum pdr in the
opposite to field direction. For comparatively weak fields F  1 kV/cm, the anisotropy
is weak: the ratio pdr/p is smaller than 0.1, where p is the root-mean-square of the elec-
tron quasimomentum in the absence of the field. An application of the increasing field
leads to a transformation from the linear dependence pdr ∝ F to the saturated behaviour. If
the interparticle collisions play a minor role in the kinetics, the electron momentum-space
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distribution in strong electric fields becomes extremely anisotropic, streaming-like. Each
electron accelerates quasiballistically in the “passive” region until reaching the threshold
energy equal the optical-phonon energy ~ω0 and the corresponding threshold quasimomen-
tum p0 =
√
2m~ω0, where m is the electron effective mass. Then it looses its energy by
emitting an optical phonon and starts the next period of acceleration.
Thus, in the streaming regime realized in an appropriate range of the dc electric fields,
the electron distribution in the momentum space has a steaming-like, or needle-like, form
spread between the Γ-point p = 0 and the point p0 = p0eˆ, where eˆ is the unit vector in
the direction opposite to the electric field F . The formation of such an anisotropic electron
distribution requires the following hierarchy of times
τ ttr τp, τee . (2)
Here τ is the time of optical phonon emission by an electron in the “active” energy region
exceeding ~ω0, ttr = p0/|eF | is the travel time through the passive region of the momentum
space, τp is the momentum relaxation time due to electron scattering by acoustic phonons
or static imperfections, and τee is the electron-electron collision time. The electron-electron
scattering tends to convert the anisotropic distribution to the shifted Maxwellian distribution
with an effective electron temperature and a drift velocity pdr/m. The corresponding time
can be estimated by τ−1ee ∼ (e2/κ~)2N/ω0, where N is the electron 2D density and κ is the
dielectric constant.
The electron distribution function fp is given by [10]
fp = N
2pi2~2
p0
δ˜(py)
{
θ˜(px) , if p< p0,
exp
(
−α px−p0xp0
)
, if p> p0,
(3)
where α= p0/|eF |τ, p0x =
√
p20− p2y , and
δ˜(py) =
√
α
2pi
1
p0
exp
(
−α
2
p2y
p20
)
, θ˜(px) =
1
2
[
1+ erf
(√
α
2
px
p0
)]
.
One can see from Eq. (3) that the penetration δpx into the active region and the width 2δpy of
the distribution in the transverse direction py are given by δpx = p0/α and δpy = p0/
√
α.
Thus, the needle-like distribution is formed provided α 1 which establishes the upper
limit for the electric field strength. In this case the function θ˜(px) can be approximated by
the Heaviside function θ(px) and p0x by p0− (p2y/2p0). It is also worth to mention that the
value α gives the ratio between the numbers of particles in the passive and active regions as
well as the ratio ttr/τ of the times spend by electrons in these regions.
If the electrons are spin polarized with the average spin s per particle, their spin distri-
bution function in the p-space is given by the main contribution
Sp = 2 fps (4)
and an additional term of the order of Ωpttr.
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2.1. Effect of elastic scattering on streaming distribution
In order to analyze consequences of elastic scattering by static imperfections, impurities and
interface roughness, and/or quasi-elastic scattering by acoustic phonons, we start with the
approximation of “ideal streaming” replacing the smoothed delta-function δ˜(py) in Eq. (3)
by the Dirac delta-function and the smoothed theta-function θ˜ by the Heaviside step func-
tion. Then the streaming distribution in the passive region reduces to
f 0p = N
2pi2~2
p0
δ(py)θ(px)θ(p0− px). (5)
In the following we include into consideration the elastic scattering by short-range imper-
fections and describe the scattering process p′→ p by the rate Wpp′ = (piτp)−1δ(p2− p′2)
normalized on the inverse momentum relaxation time τp as follows
τ−1p =
∫
dp′Wpp′ .
Since the streaming regime is achieved provided τp is much longer than the travel time ttr
we treat the elastic scattering keeping the first order corrections in ttr/τp to the electron
distribution function (5). Then the scatter of electrons over all azymuthal angles θ gives
rise to a correction f (1)p which, in the passive region, satisfies the equation
eF
∂ f (1)p
∂px
=
∫
dp′Wpp′ f 0p′ (6)
with the boundary condition f (1)p = 0 at px =−p0x ≡−
√
p20− p2y . Here the right-hand side
term represents the generation of electrons to the whole area p=
√
p2x+ p2y ≤ p0 due to the
elastic scattering from the zeroth-approximation needle (3) while the term on the left-hand
side describes the further acceleration of the scattered electrons in the electric field.
Substituting Eq. (5) into Eq. (6) we obtain
eF
∂ f (1)p
∂px
=
pi~2N
τpp0p
.
The solution of this first-order differential equation leads to the formula
f (1)p =
ttr
τp
pi~2N
p20
px∫
−p0x
dp′x√
p′2x + p2y
=
ttr
τp
pi~2N
p20
ln
(
p+ px
p0− p0x
)
. (7)
The steady-state density of electrons scattered off the needle in the passive area is given by
δN = N
ttr
τp
2pi∫
0
dθ
2pi
1∫
0
dss ln
[
s(1+ cosθ)
1−
√
1− s2 sin2 θ
]
= N
ttr
τp
2G+1
pi
≈ 0.9N ttr
τp
, (8)
where G ≈ 0.9159 . . . is the Catalan constant. These electrons reach the sphere
p2x+ p
2
y = p
2
0, emit optical phonons and return to the point p= 0 Thus, in the first approxi-
mation, the total density N should be replaced by N−δN. The perturbation procedure can
be continued by the replacements f 0p→ f 0p+ f (1)p and f (1)p → f (2)p in the right- and left-hand
sides of Eq. (6), respectively.
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3. Spin relaxation
The constriction of the distribution function f 0p along the py axis and the electron homoge-
neous occupation of the px interval between 0 and p0 substantially modifies the Dyakonov-
Perel spin relaxation of the sy component controlled by the linear-p term βxyσxpy in Eq. (1).
Here, as above, we assume the electric field to be applied along the x axis. The spin-
relaxation time τsy of this component is found from the equation, see [10]:
sy
τsy
=
1
N∑p
Ωp,xδSp,z , (9)
where Ωp,x = 2βxypy/~, s is the average electron spin per particle, δSp is the first-order
correction (in Ωp) to the spin distribution function satisfying the spin kinetic equation, see
Eq. (22) in Ref. [10],
eF
∂
∂px
δSp+2 f 0ps×Ωp = 0 . (10)
Solving this equation with the streaming distribution (3) we obtain [10]
1
τsy
= 2τ
(
βxyp0
~
)2
. (11)
We remind that, in the state of equilibrium, the relaxation time τsy is given by the similar
equation with τp20 replaced by τp2mε¯, where ε¯ is the equilibrium value of the electron
average energy.
Now we consider effect of elastic scattering on the spin relaxation and show that even
the first-order correction in the ratio ttr/τp 1 can modify τsy. For this purpose we replace
f 0p in Eq. (10) by f
(1)
p and find the scattering-induced correction δS
(1)
p . The latter is given
therefore by the integral
δS(1)p,z = sy
2Ωp,x
eF
px∫
−p0x
dp′x f
(1)
p′x,py
, (12)
which can be solved analytically to give
δS(1)p,z = sy
ttr
τp
Npi~2
p20
2Ωp,x
eF
[
p0− p+ px ln
(
p+ px
p0− p0x
)]
. (13)
Substituting this correction to Eq. (9) and summing over p we arrive at the contribution of
the elastically scattered electrons to spin relaxation of the electron gas
1
τelast.sy
=
7
15
t2tr
τp
(
βxyp0
~
)2
. (14)
In contrast to the electrons in the zeroth-approximation needle distribution (3) compressed
along the py axis, the scattered electrons are spread over the whole passive area. The in-
creased precession frequencyΩp,x= 2βxypy/~ can compensate smallness of the ratio ttr/τp.
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For comparison of the contributions (11) and (14) it is instructive to sum them and present
the total spin relaxation time in the following convenient form
1
τsy
= 2τ
(
βxyp0
~
)2(
1+
7
30
ttr
τp
α
)
. (15)
For α = 33 and τp/ttr = 3, we find the contribution (14) caused by elastic scattering to
exceed that given by Eq. (11) by more than twice.
4. Spin orientation by electric field
In systems with the effective Hamiltonian containing the p-linear terms (1), the application
of an electric field results in orientation of electron spins. Such electrical spin orientation
is allowed by the symmetry only in gyrotropic systems where some components of the
second-rank pseudotensor β are nonzero. In weak fields, this effect has been studied in
many works, see the review [11], references therein, and the recent paper [12]. The spin
polarization created by a weak electric field is given by
sy =−cβyxv
pdr
p
, (16)
where v and p are the zero-field root-mean-square electron velocity and momentum, and
pdr = eFτp. It is remarkable that the coefficient c depends on the ratio of spin and en-
ergy relaxation times. At slow energy relaxation, the spin is created independently at each
energy ε resulting in a nonequilibrium spin distribution Sy(ε) ∝ f ′′0 (ε), where f0(ε) is the
Fermi-Dirac distribution. In contrast, the fast energy relaxation establishes the equilib-
rium distribution within each spin-split subband, and the nonequilibrium spin distribution
function Sy(ε) ∝ f ′0(ε). The integration over the energy yields different results for the spin
polarization sy. For a short-range momentum scattering potential, in two limiting cases of
fast and slow energy relaxation the coefficient c in Eq. (16) differs by a factor of two [11]:
cfast = 1/2 and cslow = 1/4. The results for these two extreme cases are shown by straight
lines 1 in Fig. 1. One can see that the spin polarization in the fields F ≤ 10 V/cm does not
exceed 0.1%.
In strong fields where the streaming regime is realized, the situation changes drasti-
cally. Treating the term βxypy in Eq. (1) as the spin-orbit splitting of the spectrum we get
the shifted needle-like distributions in the spin subbands with the projection ±1/2 onto
the x axis. Then taking into account the terms Ωy = 2βyxpx/~ and Ωx = 2βxypy/~ as the
components of the precession frequency and neglecting elastic scattering processes in the
passive area, we obtain the spin polarization in the form [10]
sy =− 14ω0τ
Si(ξ)
ξ
sign(βyx) , (17)
where ξ= p0
√
2|βyx|/pi~eF and Si stands for the Fresnel sine integral. For small values of
ξ the ratio Si(ξ)/ξ is approximated by piξ2/6 and Eq. (17) turns into sy =−mβyx/6eFτ.
It follows from Eq. (17) that the electrically oriented spin is a non-monotonous function
of the field strength in the streaming regime. The dependence (17) is shown by curve 2 in
6
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Figure 1. Dependence of the current-induced spin on the electric field. Lines 1 are cal-
culated for weak fields in the limits of fast and slow energy relaxation, curve 2 presents
the result of calculation in the streaming regime. Dashed ends of the curve 2 represent the
results obtained on the edge of applicability of the streaming model. The parameters used
are: ~βyx = 7 meV Å, ~ω0 = 36 meV, m= 0.067m0, τ= 0.1 ps, τp = 10 ps, N = 1011 cm−2,
and zero temperature is assumed.
Fig. 1. The values of the spin orientation have an order of a few percent which is more than
an order of magnitude larger than those at low fields. We note that the decrease in the spin
relaxation time caused by elastic scattering and described by Eqs. (14), (15) is compensated
by a corresponding increase in the generation rate.
5. Spin beats in the streaming regime
Consider a undoped 2D structure excited by a short interband pulse creating photoelectrons
at the bottom of the lowest conduction subband. Assuming a homogeneous pulse, the non-
equilibrium distribution at the initial moment t = 0 is given by
fp(t = 0) = 2(pi~)2Nδ(px)δ(py) , (18)
where N is the photoelectron density. In the ideal streaming-regime model, the kinetic
evolution of the photoelectrons is also described by a product of two delta-functions
fp(t) = 2(pi~)2N δ
(
px−|eF |ttr
{
t
ttr
})
δ(py) , (19)
with the variable of one function being a function of time with the period ttr. Here the
symbol {ν} means the fractional part of the number ν. If the optical pulse is circularly
polarized then the generated carriers are spin oriented, and the spin energy distribution is
oscillating in time as well. Neglecting the splitting of spin states and the spin relaxation we
7
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can supplement Eq. (19) by the similar equation for the time-dependent spin distribution
function, cf. Eq. (4)
Sp(t) = s0(2pi~)2Nδ
(
px−|eF |ttr
{
t
ttr
})
δ(py) , (20)
where s0 is the initial electron spin per particle. The both functions (19) and (20) are
periodic until the elastic scattering is ignored. The simplest way to take into account the
elastic scattering of the accelerating bunch of electrons is just multiply the above time-
dependent functions by the exponential function exp(−t/τp) turning them into damped
oscillatory functions.
The temporary oscillations of Sp(t) can be detected in the pump-probe time-resolved
experiments based on the spin Kerr or Faraday effects. For the probe light frequency slightly
below the quantum-well fundamental edge Eg/~, the Kerr rotation angle of polarization
plane of the linearly polarized probe pulse is given by
ΘK(t) =
∫
dεK(ε)Sp,z(ε, t) , (21)
where ε is the electron energy referred to the bottom of the lowest 2D conduction subband,
the energy-dependent coefficient K(ε) is proportional to [(Eg−~ω)(µeh/me)+ ε]−1, me is
the in-plane electron effective mass, and µeh is the reduced mass of an electron and a heavy
hole. The substitution of the spin distribution (20) multiplied by exp(−t/τp) into Eq. (21)
gives
ΘK(t) ∝
s0,z exp(−t/τp)
(Eg−~ω)µeh/me+~ω0{t/ttr}2 +∆Θ
elast.
K (t) , (22)
where ∆Θelast.K (t) is a correction arising due to the elastically scattered carriers and propor-
tional to the ratio ttr/τp. While deriving Eq. (22) we took into account that the electron
energy in the bunch varies in time as ε(t) = p2x(t)/2m= (p20/2m){t/ttr}2 ≡ ~ω0{t/ttr}2.
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Figure 2. The damped oscillatory spin-Kerr signal at (Eg−~ω)µeh/me = 1.7~ω0, τp = 3 ttr
calculated neglecting the spin-orbit splitting (a) at zero magnetic field, and (b) in the exter-
nal magnetic field with ΩBttr = 0.5 which corresponds to B= 1.5 T at |g|= 1.
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In the external in-plane magnetic field B ‖ y the electron spin component s⊥ y rotates
around the y axis with the angular frequency ΩB = gµBBy/~, where g is the electron g-
factor and µB is the Bohr magneton. The Kerr rotation angle is obtained from Eq. (22) by
multiplying the right-hand side by cos(ΩBt). Indeed, in the absence of the spin-orbit split-
ting, the spin precession plays a role of the clock independent of the periodic acceleration
and emission of optical phonons by the photoelectrons. The time dependence of the Kerr
rotation signal at zero and nonzero magnetic field is plotted in Fig. 2, (a) and (b) respec-
tively. Only the first main contribution in Eq. (22) is taken into account in the calculation.
The curve in Fig. 2(a) has a period ttr whereas the curve in Fig. 2(b) has two oscillations
with two different periods, the longer one equal to the Larmor precession period 2pi/ΩB
and the shorter one equal to the travel time ttr.
6. Spin beats due to the spin-orbit splitting
We consider again optical creation of the spin s ‖ z at the bottom of the conduction band at
the moment t = 0. The time-dependent spin distribution is then given by
Sp(t) = Ns(t)(2pi~)2δ
(
px−|eF |ttr
{
t
ttr
})
δ(py) . (23)
Taking into account the spin-orbit splitting (1) we obtain that the spin dynamics in the
absence of external magnetic fields is described by [10]
sz(t) = s0,z cosΦ(t) , sx(t) = s0,z sinΦ(t) ,
where s0,z is the initial spin, and the phase Φ changes in time according to
Φ(t) =Ωdrttr
([
t
ttr
]
+
{
t
ttr
}2)
, (24)
with the symbol [x] denoting the integer part of x. Here Ωdr = 2∑
p
Ωp,y fp/N is the spin
precession frequency in the electric field. In weak fields it is linear in F [13] while in the
streaming regime one has [10]
Ωdr =
βyxp0
~
.
If Ωdrttr is a rational part of 2pi then the functions sz(t),sx(t) are periodic. In particular, for
Ωdrttr = 2pin with an integer n, the period equals to ttr/n. For irrational values of Ωdrttr/2pi,
the variation sz,x(t) is aperiodic. The time dependence sz(t) for these two cases is shown in
Fig. 3.
According to Eq. (24) the phase Φ is a quadratic function of {t/ttr}, this explains why
in Fig. 3 the variation of oscillatory function sz(t) in positive and negative areas is not
antisymmetric. For the average spin
s¯(T ) =
1
T
T∫
0
s(t)dt
9
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Figure 3. (upper panels) Spin beats caused by the spin-orbit splitting for Ωdrttr equal to
2pi (a) and
√
3pi (b); (lower panel, c) the time-averaged spin s¯z(T ) at T = 100 ttr calculated
in the streaming regime neglecting elastic scattering. Inset highlights the narrow region of
electric fields marked by dashed lines.
we find a sharp electric-field dependence which can be called “mode-locking”. Introducing
M = [T/ttr] and ϕ=Ωdrttr, we obtain
s¯z(T )
s0,z
=
1
M
M
∑
k=0
1∫
0
dt cos(kϕ+ϕt2) =
P1Ci
(√
2ϕ/pi
)
+P2Si
(√
2ϕ/pi
)
2M sinϕ
√
2ϕ/pi
, (25)
where
P1 = sinMϕ+ sin(M+1)ϕ+ sinϕ , P2 = cosMϕ+ cos(M+1)ϕ− cosϕ−1 .
The expression for s¯x(T ) has a similar form. One can see that the average spin s¯z is nonzero
if the following condition is fulfilled:
ϕ=Ωdrttr = 2pin , i.e. Fn =
βyxp20
2pi~en
. (26)
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Figure 4. Spin beats of sz (a) and sx (b) with account for elastic scattering processes at
Ωdrttr = 2pi, τp/ttr = 3.
In this case the spin makes n full turns around the y axis during the time ttr, and the average
spin polarization has a high value. The oscillatory behaviour of sz(t) in Fig. 3(a) corre-
sponds to n = 1. Within the period for t lying between mttr and (m+ 1)ttr (m = 0,1,2 . . . )
the spin z-component is decreasing from its initial value s0,z, reaches the minimum value
−s0,z and rapidly increases up to s0,z. Nonlinear variation of sz(t) with {t/ttr} results in a
nonvanishing value of the average s¯z(T ). Moreover, for T  ttr, the average s¯z(T ) is still
remarkable in the close proximity of ϕ to 2pin where |ϕ−2pin|  1/M. In the rest area of
ϕ values the s¯z have the order of magnitude of 1/M 1, see Eq. (25). The electric field
dependence of s¯z(T ) for T = 100 ttr is shown in the lower panel of Fig. 3, the inset in Figure
represents the selected area around Ωdrttr = 2pi in the enlarged scale.
Allowance for other mechanisms of electron scattering and spin relaxation leads to a
decay of the oscillation amplitude. Figure 4 demonstrates the effect of elastic scattering on
the dynamics of sz and sx components which is taken into account by the factor exp(−t/τp).
The Kerr rotation angle is given by Eq. (22) where s0,z is replaced by sz(t).
7. Conclusion
In this chapter we have demonstrated the rich variety of spin-dependent phenomena in
the streaming regime that can be realized in moderate electric fields in semiconductor
heterostructures. The proposed experiments, both steady-state and non-stationary, seem
promising for studies of spin properties of two-dimensional electron (or hole) gas. Obser-
vation of photocarrier spin dynamics in the streaming regime by the pump-probe technique
would allow the direct access to the time-dependent acceleration of charge carriers in the
electric field.
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